Elementary Techniques in differentiation from the First Principle

Yue Kwok Choy
Grouping
Question fx)= 4x’-3x> , find f'(x).
Solution
f'(x) — lim [4()( + Ax)3 - 3(x + Ax)zl - [4);3 - 3x2] _ lim 4[()( + Ax)3 - x3]—3[(x + AX)2 - XZ]
Ax—0 AX Ax—0 AX

~ lim 4[(); + AX)3 - x3]— 3[()( + AX)2 - le - lim 4Ax[(x + AX)2 + (x + AX)X + xz]— 3AX[(X + Ax)+ x]
Ax—0 AX Ax—0 AX

= lim {4[(x +Ax) + (x + Ax)x +x° ]—3[(); +AX)+ x]} = 4[3x2]—3[2x]: 12x° —6x

Ax—0
Joining fractions

1

Question f(x) = = find f'(x).
X —
Solution
1 1
£(x)= lim X+Ax=1 x=1_ jjp, x-1-(erax-l) o —Ax
Ax—0 Ax Ax—0 Ax(x +Ax — 1)(x - 1) Ax—0 Ax(x +Ax — 1)(x - 1)
1 1

) (X+AX—1)(X—1) (x—l)2

Rationalize the numerator

Question fix)= 42x-1 , find f'(13).

Solution

£(13) = lim V203+Ax)-1-4203)-1 . 25+42Ax -5 _ [\/25+2Ax —5] [J25+2Ax +5]
Ax SO0 AxV25 24 +5]

Ax—0 AX Ax—0
25+2Ax —25 T 2 2 1

= lim

= 11m = = —
AHOAX[«/25+2AX+5J MO0 25+2Ax +5 545 5




Question = Vx -+ . find £'(x).
X
Solution
—\3/X+AX— } —[3\/_—1} 11
£'(x) = lim = X+ AX L BTN Rt e
Ax—0 AX Ax—0 AX Ax—0 AX
~ lm -(X+AX)1/3 —X1/3"X+AX)2/3 +x”3(x+Ax)l/3 +x2/3] + lim X+Ax—x
_Ax~>0 AX [(X+AX)2/3 1/3(X+AX)1/3 +X2/3] Ax—0 (Ax)x(x+Ax)
= lim (x + &x)-x +lim—%
ax=0 Ax|_(x + AX)2/3 + xm(x +Ax)l/3 +x2/3J Ax—0 (AX)X(X +Ax)
= lim ! + lim ! _ 1 +—

80 (x + Ax )P+ xP (x + Ax)P +x2 AHOX(X-i-AX) 3x* X’

Absolute value

Question

Solution

Case 1

Case 2

Case 3

f(x)= [x-2

, find f'(x).

When x>2, f(x)=x-2.

£'(x) = lim (xrax-2)-(x-2) _p, Ax_,

Ax—0 AX Ax—0 Ax

When x<2, f(x)=—(x-2)

£(x) = lim Florax=2)] -Fa-2)]_p —ax

Ax—0 AX Ax—0  AX
When x=2,
' (2)= lim w_ﬁmwzhm&:l
Ax—0* Ax—0"  AX Ax—2" AX
£ (2)= lim (2+AX) £2) _ pp N0 =%
Ax—0" Ax—00  AX Ax—2" AX

(Grouping)

Since the right-handed and left-derivatives are unequal, therefore f(x) is not differentiable at x=10.

£'(x)

1 ,when x> 2
= -1 ,when x <2 .

undefined ,when x =2



S.

Trigonometry

Question f(x)=cosx, find f'(x).
Solution
. ( ij . Ax
—2sin| X +— |sin—
f'(x) ~ lim cos(x + Ax)— COSX _ 1. 2 2
N Ax—0 AX N Ax—0 AX

-~ (sinx)1) = sinx

f(x)=tanx, find f'(%j.

— — lim sin(x ¥ %} lim ——2

Ax—0

Question
Solution
Method 1
tan X + tan Ax tan x
- = 2
f'(x  lim tan(x + Ax) tanx _ i A tan x tan Ax ~ lim tan Ax(l + tan x)
Ax—>0 Ax Ax—0 Ax x>0 AX (1 —tan x tan Ax)
2
~ i BOAX i SCTX e’ x = sec’ x
M0 Ax &-0]—tan X tan AX
£l E | =sec?| Z =2
4 4) =
Method 2
T T Y
tanx — tan— tan| x —— || | +tanx tan —
i ) . 4 4
f'l — |=lim = lim
4 < ® 4 o T
4 X—— 4 X——
4 4
sin| x — 4) 1 1
= lim lim lim| 1+ tan x tan = :1><—><(1+1):2
xo® LT ( nj xo® 4 1 =
4 X—— 4cos| X—— | 4
4 4
Question f(x)=secx, find f'(x)..
Solution
f'(x)z lim sec(x+Ax)—secx _ limL 1 3 _ limL cosx—cos(x + Ax)
Ax—0 Ax A0 A cos(x + Ax) CosX | M-0AX cos(x + Ax)cosx
2sin x+g sing sin| X +— sing _
.1 2 2 . 2 . 2 sin X
= lim — = lim lim =———=secxtanx
&0 Ax cos(x + Ax)cos X Ax—0 cos(x + Ax)cosx a0 Ax cos’x —

2



